Cohomological methods are applied for the special set of solutions corresponding to rotating branes in arbitrary dimensions, AdS black holes (which can be embedded in ten or eleven dimensions), and gauge supergravities. A new class of solutions is proposed, the Hilbert modular varieties, which consist of the 2n-fold product of the two-spaces H n /Γ (where H n denotes the product of n upper half-planes, H 2 , equipped with the co-compact action of Γ ⊂ SL(2, R) n ) and (H n ) * /Γ (where (H 2 ) * = H 2 ∪ {cusp of Γ} and Γ is a congruence subgroup of SL(2, R) n ). The cohomology groups of the Hilbert variety, which inherit a Hodge structure (in the sense of Deligne), are analyzed, as well as bifiltered sequences, weight and Hodge filtrations, and it is argued that the torsion part of the cuspidal cohomology is involved in the global anomaly condition. Indeed, in presence of the cuspidal part, all cohomology classes can be mapped to the boundary of the space and the cuspidal contribution can be involved in the global anomaly condition.
Introduction
Owing to the important and very useful correspondence that exists between the anti-de Sitter (AdS) space and conformal field theories on its boundary, AdS black hole solutions of gauged extended supergravities are currently attracting a good deal of attention. In particular, one should mention the celebrated Cardy-Verlinde formula relating the entropy of a conformal field in arbitrary dimensions to its total energy and Casimir energy [1] (a general review of braneworld AdS theory in relation with the Cardy-Verlinde formula is done in the third reference of [1] ). Also, the AdS/CFT Casimir energy for black holes is being specifically considered [2] .
Interesting in this context is to note that gauged extended supergravities can arise as the massless modes of various Kaluza-Klein compactifications of D = 11 and D = 10 supergravities. Gauged supergravity theories may be obtained by a consistent truncation of the massive modes of full Kaluza-Klein theories. It thus follows that all solutions of the lower-dimensional theories will also be solutions of the higher-dimensional ones. Specifically, the general rotating brane solutions in arbitrary dimensions, supported by a single charge, and their sphere reductions, have been discussed in [3] .
Rotating branes can be constructed by performing standard diagonal dimensional oxidations of general rotating black holes. In particular, one can consider the sphere reduction of generic rotating branes and associated domain wall black holes (see, for details, [3] ). Note that, while for asymptotically Minkowskian black holes the horizons are spherical, AdS black holes can admit horizons with some more general topology.
In this paper we propose a new class of solutions, the Hilbert modular varieties, which consists of the 2n-fold product of the two-spaces H n /Γ (where H n denotes the product of n upper half-planes H 2 equipped with the co-compact action of Γ ⊂ SL(2, R) n ) and (H n ) * /Γ (where (H 2 ) * = H 2 ∪ {cusp of Γ} and Γ is a congruence subgroup of SL(2, R) n ).
This class of solutions can also come from type IIB and eleven-dimensional supergravity solutions, 3 and also in the eleven-dimensional supergravities warped product of AdS 3 with an eight-dimensional polynomial solution, which are dual to conformal field theories with N = (0, 2) supersymmetry (owing to the AdS-CFT correspondence). For n = 1, the embedding procedure considered in [3] yields that AdS compactifications are singled out, as arising from the nearhorizon hyperbolic geometry of a two-brane rotating in the extra dimensions. In addition, the four charges corresponding to the U (1) 4 Cartan subgroup are just the four angular momenta. The class of our Kähler-Einstein factorized solutions (and their anzätze) is a new type of the IIB and eleven-dimensional bubble solutions [6, 7] . This type of 2n-fold product also can be derived from the general three-charged and four-charged superstar solutions of the type IIB and eleven-dimensional supergravity, respectively. (Note that the three-and four-charge superstar geometry has been described in [8] .)
We will consider in detail, in Sect. 2 the Hilbert modular variety, its cohomology groups, which inherit a Hodge structure (in the sense of Deligne), bifiltered sequences, and corresponding weight and Hodge filtrations (following the lines of [9] ). In the second part, Sect. 3, we will deal with the Freed-Witten global anomaly condition. It is known that branes with the Freed-Witten anomalies cannot carry K-theory charges and they are inconsistent. That is the reason why we analyze the Freed-Witten condition for our class of solutions obtained in the first part of the paper and this constitutes a link between its two parts. We will argue, as a result, that the torsion part of the cuspidal cohomology is involved in the global anomaly condition. In fact, in the presence of the cuspidal part all classes of cohomologies can be mapped to a boundary of the space and the cuspidal contribution can then be involved in the global anomaly condition.
The class of general factorized solutions
For convenience, we recall here some general results for rotating branes in arbitrary dimensions, supported by a single form charge. In fact these results are all obtained by diagonally oxidizing the rotating black holes constructed in [10] . Single-charge branes in supergravity theories are solutions of the Lagrangian [3] :
where
Following [3] , we shall consider here the electric solution only (the magnetic one can be viewed as an electric solution of the dual (D − j)-form field strength F (D−j) ). The rotating p-brane can be dimensionally reduced on its world-volume spatial coordinates, to give rise to singlecharge rotating black holes [10] . On the other hand, there is a straightforward procedure to only oxidize the rotating black hole solutions to give the rotating p-branes in higher dimensions. This approach to obtain general single-charge rotating p-branes has been used in [10] . According to the procedure for the sphere reduction of generic rotating p-branes, we can take the limit of large p-brane charge. It then follows that the (d + 1)-dimensional metric becomes (we use the same notations as in [10] )
The Einstein-frame metric is given by ds 2
. This is the metric of an N -charge black hole in a domain-wall background. In the case when a = 0, the domain wall specializes to AdS d+1 .
Anzätze and 2n-fold space class
From now on we will consider the class of general factorized solutions and the general construction of the metric (2.2) assuming that, locally, it is the product of a set of two-dimensional Kähler-Einstein metrics ds 2 n = ds 2 (KE 2 ) , where d = 2n + 1, ds 2 (KE 2 ) is a two-dimensional Kähler-Einstein metric locally proportional to the standard metric on S 2 , H 2 or T 2 . 4 The Ricci form of ds 2 n is given by R = −F where F is the Kähler form of the ds 2 (KE 2 ) metric. We assume that, globally, ds 2 n extends to the metric on a space X n which is simply a product of two-dimensional Kähler-Einstein spaces
In the case n = 1, D = 4, N = 8, one has the SO(8) supergravity solutions arising from D = 11 supergravity on S 7 whose black hole solutions are discussed in [12, 3] . 5 The explicit Kaluza-Klein reduction ansätze allow to investigate the embedding of the AdS black holes of 4 In the corresponding type IIB solutions (n = 2) and D = 11 solutions (n = 3) one finds that the Killing spinors are independent of the coordinates on KE2. The spaces KE2 can be globally taken, for example, to be H 2 or some quotient, H 2 /Γ, the last giving a compact Riemann surface with genus bigger than one, while still preserving supersymmetry [11] . 5 Truncations of the gauged supergravities (which include only gauge fields in the Cartan subalgebras) admit the four-charge AdS4 black hole solutions [3] . D = 4 in the respective higher-dimensional supergravities. It has been shown that a fourdimensional BPS state (whose AdS energy is equal to its electric charge) admits the elevendimensional interpretation of a two-brane [13, 14] that is rotating in the extra dimensions. Moreover, the electric charge is equal to the spin in this case.
We should remark that infinite classes of eleven-dimensional supergravity warped products of AdS 3 with an eight-dimensional manifold X 8 , which are dual to conformal field theories with N = (0, 2) supersymmetry (by the AdS-CFT correspondence), have been found in [15, 11] . These new solutions are all S 2 bundles over six-dimensional base spaces B 6 . A two-sphere bundle can be obtained from the canonical line-bundle over B 6 by adding a point at infinity to each of the fibers (for details, see [15] ). Spaces B 6 are products of Kähler-Einstein spaces with various possibilities for the signs of the curvature: the class of the polynomial solution is
Hilbert modular groups and varieties
In this section we consider some examples of general factorized solutions. This class includes the product of 2n-fold two-space forms which are associated with discrete subgroups of SL(2, R) n with compact quotient H n /Γ, the Hilbert modular groups and varieties. We will mostly follow [9] in reproducing the necessary results. Central topics to be considered are the following:
• A discrete subgroup Γ ⊂ SL(2, R) n with compact quotient H n /Γ and the Hilbert modular group. (The corresponding singular cohomology groups H • (Γ; C) have been determined in [16] .)
• The Eilenberg-MacLane cohomology groups H • (Γ k ; C), where Γ k acts trivially on C and the totally real number field k ⊃ Q. The corresponding spaces are the Hilbert modular varieties:
• The mixed Hodge structure in the sense of Deligne [17] .
The Hilbert modular group, Γ k = SO(2, o), and the corresponding spaces (Hilbert modular varieties) and functions (Hilbert modular forms) have been actively studied in mathematics (for reference see [9] ). Γ k is the group of all 2 × 2 matrices of determinant 1 with coefficients in the ring o of integers of a totally real number field. The Eilenberg-MacLane cohomology groups H • (Γ k ; C) are isomorphic to the singular cohomology group of the Hilbert modular variety
, where, as before, H n denotes the product of n upper half-planes H 2 equipped with the natural action of Γ k . The Hilbert modular variety carries a natural structure as a quasiprojective variety and its cohomology groups inherit a Hodge structure. In fact the Hilbert modular group is a simplified example of the cohomology theory of arithmetic groups and it is the only special case in which the cohomology can be determined explicitly.
Example: Flux quantization for the solution AdS 3 × X 8 . As an example, let us consider the particular solution AdS 3 × X 8 . Assume that the Kähler metric ds 2 (X 4 ) and the four-form G 4 are given by
Here F = Vol(KE 2 ) is the corresponding Kähler space form on KE 2 . These anzätze depend on σ i , g j , which are functions of r only. The isometry group is SO(2, 2) × U (1), the first factor corresponds to the symmetries of AdS 3 and the latter to shifts of the fiber coordinate ψ. Also, Dψ = dψ + P . The twisting of the fibre with coordinate ψ is associated to the canonical U (1) bundle over the six-dimensional base space B 6 given by KE 2 × KE 2 × KE 2 . For the solution AdS 3 × X 8 the relevant four-cycles lie in X 8 . The quantization condition takes the form
where we took the eleven-dimensional Planck length and the AdS 3 radius to be one, p 1 (X 8 ) is the first Pontryagin class of X 4 , and [G 4 ] denotes the cohomology class of G 4 on X 8 . 6 For the construction of compact solutions we require, as shown in [15] , r, ψ to parameterize a two-sphere fibred over a compact base B 6 = H 3 /Γ. Besides, if the new solutions have the form of a product of Riemann surfaces, then we get
Taking into account the fibration (2.5) one can find an expression for p 1 (X 8 ). We omit this calculation since the reader can found a similar one in [15] . It is clear that the expression for p 1 (X 8 ) depends on alternating sum of the Hodge numbers or the Euler characteristic, which are listed in Table 2 .2 (see Sect. 3 for notations).
Duality relations. The class B 2n = H n /Γ is particular interesting because it admits the duality relations in type II string theory. Indeed, let us turn now to spaces
Because of the Künneth formula we get
Thus the following isomorphisms valid:
Here K j (X) is the reduced topological K-groups of X. 7 The isomorphism (2.6) is in fact the T-duality and describes a relationship between Type IIB and Type IIA D-branes on the space 6 Recall that the rational cohomology of the direct product of two manifolds, X and Y of dimension m and n respectively, can be calculated by using the Künneth formula:
Thus for Betti numbers we have
, and the Euler-Poincaré characteristic becomes
one gets χ(KE
2 ) = χ(KE
2 )χ(KE
2 ). 7 Taking into account that a vector bundle over a point is just a vector space, K(pt) = Z, we can introduce a reduced K-groups in which the topological space consisting of a single point has trivial cohomology, K(pt) = 0, and also K(X) = 0 for any contractible space X. Let us consider the collapsing and inclusion maps: p : X → pt , ι : pt ֒→ X for a fixed base point of X. These maps induce an epimorphism and a monomorphism of the corresponding K-groups:
The exact sequences of groups
The kernel of the map i * is called the reduced K-theory group and is denoted by K(X), K(X) = kerι * = coker p * . There is the fundamental decomposition K(X) = Z ⊕ K(X). When X is not compact, we can define K c (X), the K-theory with compact support; it is isomorphic to K(X). 
Arbitrary congruence subgroups of
Hilbert modular varieties. 
The global anomaly condition
This section is motivated by the fact that branes with the Freed-Witten anomalies cannot carry K-theory charges and they are inconsistent. That is the reason why we analyze here the FreedWitten condition for our class of solutions obtained in the previous section. Let us consider a bundle whose fiber ξ is (p − 1)-connected. This means that, for k < p, the k-th homotopy group π k<p (ξ) of ξ vanishes. Let the pth homotopy group G be non-trivial and π k=p (ξ) = G . Then the ξ bundle can be specified by a degree (p + 1) characteristic class in the cohomology with coefficients in G , ω p+1 ∈ H p+1 (X; G ), and some characteristic classes of higher degree. If all of the homotopy classes of ξ of degree higher than p vanish, then the bundle is characterized by ω p+1 . If G = Z 2 and p = 0, then a non-vanishing characteristic class ω 1 ∈ H 1 (X; Z 2 ) is associated with the existence of a so-called spin structure on X. For the circle bundle, p = 1, G = Z, we have a single characteristic class c 1 = ω 2 ∈ H 2 (X; Z) which is called the first Chern class. For every degree (p + 1) characteristic class there is a degree (p + 2) obstruction to a lift. The obstruction to the existence of a spin structure is the third Stiefel-Whitney class ω 3 ∈ H 3 (X; Z). The class ω 3 is always Z 2 torsion. Unlike ω 2 , the class ω 3 always has a lift to cohomology with integral coefficients, which is denoted by W 3 ∈ H 3 (X; Z), and also has always Z 2 torsion. W 3 is defined to be the Bockstein homomorphism β of ω 2 , W 3 = βω 2 . If the third Stiefel-Whitney class of the tangent bundle T X is equal to zero, then X is said to be a spin manifold (and a spin lift of the tangent bundle exists).
A free brane can wrap any homologically nontrivial cycle in X. It is known that a brane wrapping a representable cycle (spin C cycle) carries a K-theory charge if and only if its FreedWitten anomaly vanishes. Nevertheless, some K-theory charges are only carried by branes that wrap non-representable cycles. The Freed-Witten anomaly condition is
Here H is the pullback of the NSNS three-form to the space worldvolume X. 8 The FreedWitten anomaly is a necessary but not sufficient condition for the homology class of a D-brane to lift to a twisted K-theory. 9 To provide an answer to the question if D-branes can wrap non-representable cycles, one must look at the worldsheet theory of fundamental strings, impose boundary conditions corresponding to a singular representative of the cycle (the space B 2n in our case) and then check for inconsistencies, such as a failure of BRST invariance. The complete analysis is quite complicated and we shall leave it for a forthcoming paper. Here we will start with some considerations on the global anomaly condition, which constitute an unavoidable part of it.
Circle bundles on Riemannian surfaces. A D-brane wrapping homologically nontrivial cycle Y can nevertheless be unstable, if for some Y ′ ⊂ X the following condition holds [19] :
In Eq. (3.2) the left hand side denotes the Poincaré dual of Y in Y ′ . (In bosonic strings the question of stability is more complicated because they always include tachyons.) One can use a mathematical algorithm known as the Atiyah-Hirzebruch spectral sequence to determine which homology classes lift to K-theory classes, that is, to determine which D-branes are unstable and which are not allowed.
First we consider the simple case of a Riemann surface Σ g = H 2 /Γ g of genus g. For a Riemann surface of genus g, H 2 (Σ g , Z) = Z and topologically circle bundles are classified by an integer j. The cohomology of the total space X 3 is given by
-j = 0 (the Chern class equal to j):
Then, the untwisted (H = 0) and the twisted (H = k) K-groups are [20, 21] :
In fact T-duality is the interchange of j and k. Results in the twisted K-groups K 0 (X 3 , H) and K 1 (X 3 , H) are interchanged, which corresponds to the fact that RR field strengths are classified by K 0 (X 3 , H) in type IIA string theory and by K 1 (X 3 , H) in the IIB one (compare with the results in (2.6)). This means that, applying the isomorphism between the two K-groups, one can find the new RR field strengths from the old ones. Indeed, one simply interchanges the Z 2g between H 1 and H 2 and the rest of the cohomology groups are swapped
Let us now analyse twisted K-groups of circle bundles over two-manifolds, the K-groups being determined by the Atiyah-Hirzebruch spectral sequence. The differential d 3 in K-theory (the reader can find some homological and K-theory methods applied to hyperbolic cycles in [22, 21] ) has the form [23, 24] 
where the Steenrod square Sq 3 (for the cohomology operations see the Appendix) takes an integral class in the kth cohomology to a class in the (k + 3)rd cohomology, as does the cup product with [H] . A necessary (but not sufficient) condition for the vanishing of (W 3 (X)+[H]| X ) on a worldvolume is that the flux has to be in the kernel of the spectral differential sequence
In the de Rham theory, for example, we obtain the simple expression
Unlike the cup product with [H], Sq 3 is only nontrivial when acting on Z 2 torsion components of H k (X) and the image is, likewise, a Z 2 torsion component of H k+3 (X) always. Generally speaking, in passing from K(X) to the full K-theory group one needs to solve an extension problem to obtain the correct torsion subgroup. This has interesting physical applications 10
In our case it is convenient to consider the first differential d 3 = Sq 3 + H of the sequence only. If H even (X, Z) and H odd (X, Z) are the even and odd cohomology classes of the manifold X, then the twisted K-groups are
We can specialize to the case when Σ g ≡ G/K, G = R 2 , K = {e} and g = 1, with Γ 1 being Z 2 . The graded groups are given by [21] Gr
In two dimensions the Chern character is an isomorphism over the integers and, therefore, we can determine the cohomology class lift to the K-theory class. In particular,
Hilbert modular varieties. A D-brane that wraps a nontrivial cycle carries a charge that corresponds to the homology class of the cycle. In order to compute the partition function it is sufficient to restrict one's attention to equivalence classes of anomaly free branes. Thus Dbranes can be classified by a quotient of a subset of homology. It has been argued [19] that this quotient of a subset is precisely twisted K-theory. Motivated by anomalies we shall now analyze the Freed-Witten anomaly condition for the class of solutions H n /Γ.
Recall some results on the Hodge (F) and weight (W) filtrations on H m (Γ) (the reader can consult the monography [9] for the Hilbert modular forms). The Deligne's theory contains the classical Hodge theory. Indeed if X = X is compact, then the mixed Hodge structure on H m (X, C) (singular cohomology) is equivalent to the Hodge decomposition H m (X; C) = p+q=m H p,q (X) . If p + q = m the h p,q m (X) are zero and coincide with the Hodge numbers h p,q := dim Z H p,q (X) in the remaining case. Let Γ act freely on H n , then one can show that the Hodge filtration F = ∅ and X 2n = H n /Γ. If m > 0 then the cohomology H m (H n /Γ, C) has the decomposition
Here each class of H m (Γ) is written as a sum of the Eisenstein (Eis) cohomology class, the class of square integrable differential forms 11 which can be further decompose as universal (univ) and cuspidal (cusp) parts (see for example [9] ). The Hodge and weight filtration on H m (Γ) can be defined as filtrations induced by (
where we refer to L • as the differentiable logarithmic de Rham complex [17] , and situation occurs in presence of the cuspidal part of the total group of cohomology. For a discrete subgroup Γ κ ⊂ SL(2, R) n and each boundary point κ ∈ R ∪ {∞} there exist parabolic elements in the stabilizer Γ κ . All the cohomology class can be mapped to a boundary of the space. Therefore the cuspidal contribution Note finally that, for a rigorous analysis of the global anomaly, one plainly needs to have an explicit expression for the higher differentials {d ℓ } 2n−1 ℓ=3 . Actually an expression for the differential d 3 is available, but not very much is known about the higher differentials, in general. In this paper we have restricted ourselves to the case of the differential d 3 , only. The operations Sq k , St k p are called Steenrod operations. In mod k cohomology all stable cohomology operations are composite of the Steenrod operations. These facts, together with some others, form the basis of a systematic procedure of computation of the torsion subgroups of homotopy groups.
